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The 2D Kirchhoff–Love (KL) theory and the Timoshenko–Reissner (TR) theory for thin shells made of the transversal
isotropic homogeneous material are discussed. For the cyclic-symmetric deformations of shells of revolution the asymp-
totic analysis of strain–stress states is fulfilled. Two simple linear problems for double-periodic deformations of plates are
studied basing on the exact 3D theory and on the 2D approximate theories. From these problems it follows that the KL
theory is asymptotically correct because it gives the first term of asymptotic expansion of the 3D solution. The TR theory
is asymptotically incorrect. It also gives correctly the first term and incorrectly gives the second term. But if the transversal
shear module is comparatively small then this theory gives the main part of the second term. The case of the extremely
small shear module is discussed. As an example the multi-layered plate with the alternating hard and soft isotropic layers
is studied.
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1 Introduction

In this paper the 2D Kirchhoff–Love (KL) theory and the Timoshenko–Reissner (TR) theory for thin shells made of the
transversal isotropic homogeneous material are discussed. The KL theory is the simplest 2D theory of shells. It may
be delivered from the 3D equations of the theory of elasticity as by the hypothesis of straight normal so by asymptotic
expansions of solution in powers of a small parameterh∗ = h/R which is equal to the relative shell thickness (here h is the
shell thickness andR is the typical radius of curvature). The first estimation of the KL theory error∆ for isotropic shell
∆ ∼ h∗ is obtained in [1].

The error of the KL theory depends on the stress-strain state namely on the index of its variationt (see (10)). The more
exact relation for∆ namely∆ ∼ h2−2t

∗ , 0 ≤ t < 1, is delivered in [2]. The stress state of a shell as the 3D elastic body
consists of three parts:

(i) of the internal (or of the main) state for the points which are far from the shell edges and from the special points (the
concentrated loads, points of discontinuity and so on),

(ii) of the edge effect state which as a rule occupy the zone with the width of the order
√

Rh, and the indext of this state
variation is equal tot = 1/2,

(iii) of the boundary layer which occupy the zone with the width of the orderh, and the indext of this state variation is
equal tot = 1.

The first two states (i) and (ii) may be described approximately by the 2D shell theories, and for this states the mentioned
above errors∆ for the KL theory are valid. The third zone (iii) is essentially 3D and the construction of solution in this
zone and its connection with the solutions of (i) and (ii) types is a special problem (see [3], [4]).

The 2D TR theory [5] is to be more exact than the KL theory. The advantages of the TR theory compared with the KL
theory are the following. The equations of this theory are of the 10th differential order while the KL theory has the 8th
order. That is why the boundary conditions in the TR theory are formulated more naturally because to each of 5 generalized
degrees of freedom of the normal element (3 displacements and 2 angles of rotation) the separate boundary condition
corresponds. In dynamics the TR theory leads to the hyperbolic system of equations [6] and it is convenient to describe the
waves propagation.

In the other side for the most statical problems for shells made of isotropic homogeneous material the correction which
gives the TR theory compared with the KL theory is inessential. More over the TR theory is asymptotically conflicting.
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Some of solutions of the corresponding system have the index of variationt = 1. The very short lengthL ∼ h of the
deformation picture corresponds to these solutions and the theory is doubtful because the 2D shell theories are based on the
assumption thatL >> h. Nevertheless a lot of statical and dynamical solutions based on the TR theory are obtained and
the influence of the more detailed boundary conditions than it is possible at the KL theory are investigated (see papers [7],
[8], [9], [10] and others).

There exist a lot of more general 2D shell theories than the KL theory and the TR theory. The additional degree of
freedom connected with the normal element rotation around itself is introduced in the work [11]. The corresponding
system is of the 12th differential order. In the works [12], [13], [14] the new approach to the shell theory construction
is proposed. By using the Cosserat’s ideas the general form of the constitutive relations is delivered from the lows of
thermo-dynamics and then the necessary constants are obtained from some test problems which have the exact 3D solution.
The resulting system again is of the 12th differential order. In the book [15] by using hypotheses about the stresses and
strains distribution in the thickness direction the system of the 14th order is proposed. This system allows us to satisfy
boundary conditions on all shell surfaces and it is acceptable also for anisotropic shells. Some theories of anisotropic shells
are contained in the book [16].

Let us return to the TR model for the transversal isotropic shell the shear module of which in the transversal direction is
much smaller than the module in the tangential directions. We putG33/E ∼ hδ

∗ and suppose thatδ > 0. It occurs that for
such shell the using of the TR theory is not only correct but it is more precise than the KL theory.

In this paper for the cyclic-symmetric deformations of shells of revolution the asymptotic analysis of strain–stress states
based on the equations of the TR theory is fulfilled. It is shown that in the caseδ > 0 the indexes of variation of solutions
t < 1 hence the 2D shell theory is acceptable.

Two simple linear problems for double-periodic deformations of plates are studied basing on the exact 3D theory and on
the 2D approximate theories. From these problems it follows that the KL theory is asymptotically correct because it gives
the first term of asymptotic expansion of the 3D solution. The TR theory is asymptotically incorrect. It also gives correctly
the first term and incorrectly gives the second term. But if the transversal shear module is comparatively small (δ > 0)
then this theory gives the main part of the second term. As an example the multi-layered plate with the alternating hard and
soft isotropic layers is studied. The equivalent transversal isotropic plate is constructed. For this plate the 2D and the 3D
solutions are compared and it is shown that in this problem the TR theory is more exact than the KL theory.

2 The 2D equations for a shell of revolution and their asymptotic analysis

For simplicity we study the cyclic-symmetric deformations of shells of revolution (Fig. 1) for which the transversal deflec-
tion is

w(s, ϕ) = w(s) cos mϕ, (1)

wheres is the length of the generatrix arc,ϕ is the angle in the circumferential direction, andm is the number of waves in
this direction. The other unknown functions are also taken in the formx(s) cos mϕ or x(s) sin mϕ.
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We have the following expressions describing the mid-surface small deformations

ε1 = u′1 −
w

R1
, ε2 =

B′

B
u1 +

m

B
u2 − w

R2
, ω = B

(u2

B

)′
− m

B
u1,

γ1 = −w′ − u1

R1
, γ2 =

mw

B
− u2

R2
, ( )′ ≡ d( )

ds
,

κ1 = −γ′1, κ2 = −mγ2

B
− B′

B
γ1, τ =

mγ1

B
+

B′

B
γ2 +

u′2
R2

,

(2)

whereε1, ε2, ω are the tangential deformations,γ1, γ2 are the angles of rotation of the mid-surface normal,κ1, κ2, τ are
the bending-torsion deformations of the mid-surface. In the KL model the anglesγ1 andγ2 are coincide with the angles
of the normal element rotation. And in the TR model angles of the normal element rotationϕ1, ϕ2 are the independent
variables and

ϕ1 = γ1 + δ1, ϕ2 = γ2 + δ2, (3)

whereδ1, δ2 are the shear angles.
The equilibrium equations are the same as for the KL model so for the TR model

T ′1 +
B′

B
(T1 − T2) +

mS

B
− Q1

R1
+ q1 = 0,

S′ +
2B′

B
S − m

B
T2 − Q2

R2
+ q2 = 0,

(BQ1)′

B
+

mQ2

B
+

T1

R1
+

T2

R2
+ qn = 0,

M ′
1 +

B′

B
(M1 −M2) +

mH

B
+ Q1 + m1 = 0,

H ′ +
2B′

B
H − m

B
M2 + Q2 + m2 = 0.

(4)

whereT1, T2, S are the tangential stress-resultants,M1, M2, H are the stress-couples,Q1, Q2 are the shear stress-
resultants,q1, q2, qn andm1, m2 are the densities of the external forces and moments,B(s) is the distance from the
point in the mid-surface to the axis of rotation,R1(s), R2(s) are the main radii of the mid-surface curvature.

The constitutive equations for the transversal isotropic material are

T1 = K(ε1 + νε2), {1, 2, cycle}, S =
K(1− ν)

2
ω, K =

Eh

1− ν2
,

M1 = D(κ1 + νκ2), {1, 2, cycle}, H = D(1− ν)τ, D =
Eh2

12(1− ν2)
.

(5)

whereE, ν, h are the Young’s modulus, the Poisson’s ratio in the tangential directions, and the shell thickness respectively.
For the KL model the valuesκ1, κ2, τ are given in (2), the shear stress-resultantsQ1, Q2 may be found from system

(4), and this system is of the 8th order.
For the TR model the valuesκ1, κ2, τ in (5) are

κ1 = −ϕ′1, κ2 = −mϕ2

B
− B′

B
ϕ1, 2τ = −B

(ϕ2

B

)′
+

m

B
ϕ1 (6)

and the shear stress-resultants are

Q1 = Γhδ1, Q2 = Γhδ2, Γ = κG13, (7)

whereG13 is the shear modulus in the transversal direction.
The dimensionless coefficientκ depends on the shear stressesσ13(z), σ23(z) distribution in the normal direction. If

these functions are paraboloidal thenκ = 5/6 (see also section 4). The optimal valueκ depends on the problem under
consideration. In the case of the waves propagation the root of equation

(1− κ)
(

1− (1− 2ν)κ
2(1− ν)

)
=

(
1− κ

2

)2

(8)

is recommended asκ [17]. The valueκ = 5/(6− ν) is obtained in the paper [13], the valueκ = 20/(24− 3ν) is obtained
in the book [18].
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Fig. 2 Indexes of variation.

2.1 Asymptotic analysis

Let the mid-surface is bounded by two parallelss = s1 ands = s2. As the main small parameter we use the relative shell
thicknessh∗ = h/R whereR is the typical linear dimension (for example the radius of curvature). We suppose that the
transversal shear modulus is comparatively small and the integer numberm changes in the wide limits

Γ/E ∼ hδ
∗, δ > 0; m ∼ h−t2∗ , 0 ≤ t2 < 1. (9)

Valuet2 is the so called index of variation in the circumferential direction. The index of variationt for functionF (z, h∗)
in the directionz is introduced by A.L.Goldenweiser [19]

dF

dz
∼ h−t

∗ F. (10)

The index of variation is connected with the typical lengthL∗ of the deformation picture by relationL∗ ∼ Rht
∗.

At m = 0 system (4) separates into three equations (the first, the third, and the forth equations) describing the axisym-
metric deformation and into the rest two equations describing the torsion.

2.2 The axisymmetric stress-strain state

The axisymmetric stress-strain state in statics is a sum of the momentless (membranous) state and the edge effect. The first
of them satisfy to equations

T ′1 +
B′

B
(T1 − T2) +

mS

B
+ q1 = 0,

T1

R1
+

T2

R2
+ qn = 0. (11)

Let us construct the edge effect near the edges = s1 and putR = R2(s1). Then the edge effect is described by the
approximate equation

D
d4w

ds4
− DE

ΓR2

d2w

ds2
+

Eh

R2
w = 0. (12)

In this equation the asymptotically small summands are omitted and the coefficients are supposed approximately to be
constant. The solution of this equation is

w = C1 exp{p(1) s

R
}+ C2 exp{p(2) s

R
}, µ4

0 =
h2

12(1− ν2)R2
, Re{p(i)} < 0. (13)

The parametersp(1) andp(2) satisfy to equation

µ4
0p

4 − η0p
2 + 1 = 0, η0 =

µ4
0E

Γ
∼ h2−δ

∗ , µ0 ∼ h
1/2
∗ . (14)

Hereη0 is the shear parameter. Atδ ≤ 1 the index of variation for the both summands in (14) is equal tot1 = 1/2, and it
is the same as for the simple edge effect [19]. At1 < δ < 2 the orders of rootsp(1) andp(2) of equation (14) are various.
The corresponding indexes of variationt

(1)
1 = δ/2 andt

(2)
1 = (2− δ)/2 are shown in Fig. 2. For the extremely small shear

modulusδ ≥ 2 the edge effect degenerates, and this case is not studied here.

The second and the fifth equations (4) describe the shelltorsion. Here stress-strain state consists of the membranous
part satisfying to equation

S′ +
2B′

B
S − m

b
T2 + q2 = 0, (15)
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and of the edge effect

D(1− ν)
2

ϕ′′2 − Γhϕ2 = 0. (16)

This edge effect is absent at the KL model and its index of variation is equal tot1 = (2− δ)/2.

2.3 The cyclic-symmetric stress-strain state (m 6= 0)

At first we present the simplified system (4) which is similar to the Mushtary–Donnell–Vlasov’s system of shallow shells
and it is acceptable to describe the deformed states with the positive index of variation [20]. For this aim we suppose that
q1 = q2 = m1 = m2 = 0, qn 6= 0 and introduce the stress functionΦ by relations

T1 = −m2Φ
B2

+
B′

B

dΦ
ds

, T2 =
d2Φ
ds2

, S =
m

B

dΦ
ds

− mB′Φ
B2

. (17)

Then instead of anglesϕ1 andϕ2 we introduce two new unknown functionsΨ andΘ by relations

ϕ1 = −∂Ψ
ds

+
m

B
Θ, ϕ2 =

m

B
Ψ− dΘ

ds
. (18)

Then after omitting some small terms we get the following system

D(1− ν)
2

∆Θ− ΓhΘ = 0; (19)

(Eh)−1∆∆Φ + ∆Rw = 0,

Γh (∆w −∆Ψ) + ∆RΦ + qn = 0,

−D∆Ψ = Γh (w −Ψ) ,

(20)

where the differential operators∆ and∆R are

∆w =
1
B

d

ds

(
B

dw

ds

)
− m2w

B2
, ∆Rw =

1
B

d

ds

(
B

R2

dw

ds

)
− m2w

B2R1
, (21)

System (19), (20) consist of a separate equation (19) of the 2d order for functionΘ and of three equations of the 8th
order for functionsw, Φ, Ψ.

At the asymptotic analysis we seek the solution of system (20) in the form

w(s) = w0e
∫

p/Rds. (22)

In the same form we seek the rest unknown functions. After substituting (22) in (20) and omitting some small terms we get
for the valuep the characteristic equation of the 8th order

µ4
0(p

2 − ρ2)4 +
(
1− η0(p2 − ρ2)

)
(p2 − k1ρ

2)2 = 0, (23)

whereη0 ∼ h2−δ
∗ andµ0 ∼ h

1/2
∗ are the same as in (14) and

R = R2, k1 =
R

R1
, ρ =

mR

B
∼ h−t2∗ t2 < 1. (24)

We seek the roots of equation (23) in the form

p = p0h
−t1∗ , p0 ∼ 1 (h∗ → 0) (25)

wheret1 is the interesting for us index of variation of solution in the directions. Equation (23) contains the parameters
µ0, η0, ρ the orders of which are expressed through the main small parameterh∗. We suppose thatk1 = O(1) and study
two cases:k1 ∼ 1 andk1 = 0. The casek1 = 1 corresponds to the spherical shell, and the casek1 = 0 corresponds to the
cylindrical or to the conic shell. By using Newton’s diagram we find the indexes of variationt1 which are different in the
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ous expressions fort1.

Table 1 The indexes of variationt1 of solutions in the
s-direction.

1 t2 8

2 1/2 4
t2 at k1 6= 0
2t2 − 1/2 at k1 = 0 4

3 δ/2 2 t2 6

4 δ/2 2 1− δ/2 2
t2 at k1 6= 0
2t2 − 1/2 at k1 = 0 4

various parts of the domain{δ, t2} (0 ≤ δ < 2, 0 ≤ t2 < 1). In Fig. 3 the sub-domains with the different expressions for
t1 are shown and in Table 1 the valuest1 and the numbers of roots of equation (23) with sucht1 are given.

In the first column of Table 1 the number of the sub-domain from Fig. 2 is given. In the sub-domains1 and2 where
2t > δ the shear influence is not essential. And in the sub-domains3 and4 the orders of some or of all roots of equation
(23) essentially depend on the shear.

This asymptotic analysis is made for a static problem. The similar analysis may be fulfilled also for linear problems of
free vibrations and of buckling. The stress-strain state is separated into the internal state for which the imaginary roots of
equation (23) correspond and into the edge effect state for which the roots with the non-zero real parts correspond.

The analytical estimation of the errors of the 2D models by the comparison with the 3D solution is a very complex
problem. Especially it is difficult to solve this problem near the shell edges where stress-strain state is essentially 3D [3],
[4].

In the next sections for 2D theories the error of the internal state is investigated analytically and numerically for plates
under the double periodic load.

3 The 3D equations for plates and their simplification

The equilibrium equations for the homogeneous plate are

∂σij

∂xj
+ fi = 0, i, j = 1, 2, 3,

σii = Eiiεii + Eijεjj + Eikεkk, i 6= j 6= k, σij = Gijεij , i 6= j,

εii =
∂ui

∂xi
, εij =

∂ui

∂xj
+

∂uj

∂xi
, i 6= j.

(26)

Herex1, x2, x3 are the Cartesian co-ordinates in the tangential (x1, x2) and in the normal (x3 = z) directions,ui are
the corresponding displacements,εij are the strains,σij are the stresses, andfi are the external forces densities.

The elastic constantsEij = Eji, Gij = Gji for isotropic material depend on two elastic module (the Young’s modulus
E and the Poisson’s ratioν)

Eii =
E(1− ν)

(1 + ν)(1− 2ν)
, Eij =

Eν

(1 + ν)(1− 2ν)
, Gij = G =

E

2(1 + ν)
, i 6= j. (27)

For the transversal isotropic material which we study in details there are five independent elastic module
(E, E′, G13, ν, ν′) and the coefficients in (26) are [15]

E11 = E22 =
E(1− ν̂2)

(1 + ν)(1− ν − 2ν̂2)
, E12 =

E(ν + ν̂2)
(1 + ν)(1− ν − 2ν̂2)

,

E13 = E23 =
Eν′(1 + ν)

(1 + ν)(1− ν − 2ν̂2)
, E33 =

E′(1− ν)
1− ν − 2ν̂2

. (28)

G12 = G =
E

2(1 + ν)
, G13 = G23, ν̂2 = (ν′)2

E

E′ <
1− ν

2
.
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We seek the double periodic solution of equations (26) in the form

u1(x1, x2, z) = u1(z) cos(r1x1) sin(r2x2),

u2(x1, x2, z) = u2(z) sin(r1x1) cos(r2x2),

u3(x1, x2, z) = u3(z) sin(r1x1) sin(r2x2),

(29)

with the wave numbersr1 andr2. The corresponding stresses are

σ11 = σ11(z) sin(r1x1) sin(r2x2), σ12 = σ12(z) cos(r1x1) cos(r2x2),

σ22 = σ22(z) sin(r1x1) sin(r2x2), σ13 = σ13(z) cos(r1x1) sin(r2x2),

σ33 = σ33(z) sin(r1x1) sin(r2x2), σ23 = σ23(z) sin(r1x1) cos(r2x2).

(30)

We study two test problems for which relations (29), (30) satisfy to equations (26). The first of them is the static one
and it describes the external periodic compression with

fi = 0, σi3(−h/2) = 0, i = 1, 2, 3;

σi3(h/2) = 0, i = 1, 2, σ33(h/2) = p sin(r1x1) sin(r2x2),
(31)

whereh is the plate thickness.
In the second problem we study the free vibrations with the frequencyω

fi = ρω2ui, σi3(±h/2) = 0, i = 1, 2, 3, (32)

whereρ is the material density.
In the both cases we ignore the boundary conditions at the plate edges or we suppose that the plate is infinite in the

tangential directions. Nevertheless this approach is exact if the plate is of the form of parallelepiped with the special
boundary conditions at the lateral edges.

System (26) contains 6 main unknown functionsui(z), σi3(z), i = 1, 2, 3. The rest unknown functions are to be
expressed by the main ones. For the case of vibrations system (26) may be re-written in the form (at the static case we put
ω = 0)

σ′13 − (E11r
2
1 + Gr2

2)u1 − (E12 + G)r1r2u2 + E13r1u
′
3 + ρω2u1 = 0,

σ′23 − (E11r
2
2 + Gr2

1)u2 − (E12 + G)r1r2u1 + E13r2u
′
3 + ρω2u2 = 0,

σ′33 −G13(r1u
′
1 + r2u

′
2)−G13r

2u3 + ρω2u3 = 0,

σ13 = G13(u′1 + r1u3), σ23 = G13(u′2 + r2u3),

σ33 = −E13(r1u1 + r2u2) + E33u
′
3,

(33)

with r2 = r2
1 + r2

2, ( )′ = ∂/∂x3.
The system (33) of the 6th order may be separated into 2 independent problems of 2nd and of 4th orders after introducing

instead ofu1, u2, σ13, σ23 the unknown variables

u =
r1u1 + r2u2

r
, v =

r2u1 − r1u2

r
, σ =

r1σ13 + r2σ23

r
, τ =

r2σ13 − r1σ23

r
(34)

and after using the relationE11 = E12 + 2G.
The first of them consists of equations

τ ′ − r2Gv + ρω2v = 0, G13v
′ = τ (35)

and describes the curling motion and the second problem is

σ′ − E11r
2u + E13ru

′
3 + ρω2u = 0, σ = G13(u′ + ru3),

σ′33 − rσ + ρω2u3 = 0, σ33 = E33u
′
3 − E13ru,

(36)

We mark that systems (35) and (36) contain the wave parameterr and do not depend onr1 andr2 separately.
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10 P.Tovstik and T.Tovstik: Plates and shells with shear

4 The asymptotic solutions and the comparison with the 2D solutions

As a rule solutions of system (35) are used to satisfy the boundary conditions [7], [9] and system (36) describes the internal
stress state of plate. We are bounded with the analysis of system (36). To fulfill the asymptotic analysis of system (36) we
introduce the designations

z = hẑ, u = hû, u3 = hû3, λ =
h2ρω2

E0
, µ = rh (37)

and then omit the symbol.̂ System (36) may be written as

u′3 = µ
E13u

E33
+

σ33

E33
,

u′ = −µu3 +
σ

G13
,

σ′ = µ2E0u− µ
E13σ33

E33
− E0λu,

σ′33 = µσ − E0λu3

(38)

where

E0 =
E11E33 − E2

13

E33
=

E

1− ν2
(39)

and this equality is valid as for the isotropic material (27) so for the transversal isotropic material (28).
If the wave lengthL = 2π/r is much larger than the plate thicknessh thenµ is the small parameter which we use for

the asymptotic expansions. Without loss of generality we putu33 ∼ 1. Let us assume at first that all elastic module are of
the same order

{E11, E13, E33, G13} ∼ E. (40)

Then in the static case (λ = 0) from system (38) the following estimations may be delivered

u ∼ µ, σ ∼ Eµ3, σ33 ∼ Eµ4. (41)

For the low-frequency vibrations withλ ∼ µ4 the same estimations (41) are valid.
We seek the formal asymptotic expansions in powers ofµ for system (38) solutions for the static problem (31) and for

the vibration problem (32).

4.1 The static problem

In this case we seek the solution under conditions

λ = 0, u3(0) = 1, σ(±1/2) = 0, σ33(−1/2) = 0. (42)

The right sides of equations (38) are small and the following solutions may be found by the simple iterations beginning
from u3 = 1, u = σ = σ33 = 0

u3 = 1− µ2 E13z
2

2E33
+ O(µ4),

u = −µz + µ3

(
E13(1 + 4z3)

24E33
+

E0z(3− 4z2)
24G13

)
+ O(µ5),

σ = µ3 E0(1− 4z2)
8

+ µ5E0(1− 4z2)
(

E13(1− 2z2)
96E33

− E0(5− 4z2)
128G13

)
+ O(Eµ7),

σ33 = µ4E0
(1 + 2z)2(1− z)

24
+

+µ6(1 + 2z)2E0

(
E13(3− 2z − 4z3 + 4z3)

960E33
− E0(8− 7z − 4z2 + 4z3)

1920G13

)
+ O(Eµ8).

(43)
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To satisfy the last condition (31) we ought to scale solution (43). Then we finally find the deflection of the plate mid-
planeu30

u30 =
pu3(0)

σ33(1/2)
, σ33(1/2) = µ4 E0

12
+ µ6E0

(
E13

160E33
− E0

120G13

)
+ O(µ8). (44)

By using designations (37) for the transversal deflection the 2D KL theory (uK
3 ) and the TR theory (uT

3 ) give

uK
3 =

12p

E0µ4
, uT

3 =
12p

E0µ4
+

p

Γµ2
, (45)

whereΓ = κG13 is the equivalent shear modulus and the various values are used for the dimensionless coefficientκ. We
rewrite relation (44) in the form

u30 =
12p

E0µ4
+

6p

5G13µ2
− 9pE13

10E0E33µ2
+ O(µ0). (46)

The comparison of relations (45) and (46) shows that the KL theory gives the first asymptotic approximation atµ → 0
of the 3D solution (46). Ifκ = 5/6 the TR theory gives one of two summands of the second order in (46). The other term of
the second order in (46) is connected with the plate normal deformation and this effect is not described as by the KL theory
so by the TR theory. In the book [15] by using some hypotheses about the distribution of stresses and strains in the normal
direction the more complex 2D theory is constructed. In partial this theory takes into consideration the deformations of the
normal element. For shells this theory has the 14th order while the KL theory is of the 8th order and the TR theory is of the
10th order.

4.2 The vibration problem

We seek the solution of system (38) under conditions

σ(±1/2) = σ33(±1/2) = 0. (47)

The first terms of the asymptotic expansions of solution are

u3 = 1− µ2 E13z
2

2E33
+ O(µ4),

u = −µz + µ3

(
E13z

3

6E33
+

E0(3z − 4z3)
24G13

)
+ O(µ5).

(48)

The lowest eigen-valueλ is to be found from the compatibility condition for the last equation of system (38)

λ +
µ2λ(2E33 − 5E13)

24E33
− λ2E0

24E33
=

µ4

12
− E0µ

6

120G13
+ O(µ8). (49)

Taking into account thatλ = O(µ4) we hold in equation (49) all terms of the ordersO(µ4) andO(µ6) and the summand
containingλ2.

The KL theory gives in our designations the relation

λK =
µ4

12
, (50)

which corresponds to the main terms of equation (49).
The TR theory gives the following equation forλT which includes the rotation inertia

λT +
E0µ

2λT

12Γ
+

µ2λT

12
− (λT )2E0

12Γ
=

µ4

12
. (51)

If in the second term of the left side (51) we putλT = µ4/12 andΓ = 5G13/6 then it coincides with the corresponding
term in the right side of (49). The rest terms in (51) including the term with(λT )2 which describes the rotation inertia differ
from the corresponding terms in (49).

These two test problems allow us to make the conclusion that the KL theory is asymptotically correct because it correctly
gives the main terms of the asymptotic expansion of the exact 3D solution. For the caseG13 ∼ E the TR theory is
asymptotically incorrect because it correctly describes only the part of the terms of the second order in the exact solution.
But if G13 << E then the terms containingG13 and describing the transversal shear becomes much larger than the rest
terms of the second order and the application of this theory really gives the correction compared with the KL theory.
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h

p

Fig. 4 The multi-layered plate.

5 The multi-layered plate

As an example we study the transversal isotropic plate which is a limit of the multi-layered plate consisting of the alternating
hard and soft isotropic layers when the thickness of layers goes to zero and their number goes to infinity.

Let the parameters of isotropic layers are

Ek, νk, hk, k = 1, 2. (52)

Assuming that the strainsε11, ε12, ε22 and the stressesσ13, σ23, σ33 are continuous we get the elastic moduleEij , Gij in
(26) for the equivalent transversal isotropic layer

Eij =
h1E

(1)
ij + h2E

(2)
ij

h1 + h2
, i, j = 1, 2; G12 =

h1G
(1) + h2G

(2)

h1 + h2
,

E13 = E23 =
ν1h1/(1− ν1) + ν2h2/(1− ν2)

h1/E
(1)
11 + h2/E

(2)
11

, E33 =
h1 + h2

h1/E
(1)
11 + h2/E

(2)
11

G13 = G23 =
h1 + h2

h1/G(1) + h2/G(2)
,

(53)

whereE
(k)
1j , G(k) for the layerk are given in (27).

We study the static problem (31) for the plate withN layers and seek the deflectionu33(0). We compare four solutions
of this problem
(KL) — the KL approximation,
(TR) — the TR approximation,
(tr) — the exact 3D solution for the equivalent transversal isotropic plate,
(mul) — the exact 3D solution for the multi-layered plate.

Solutions of the problems (KL) and (TR) are given by relations where the equivalent elastic module (53) are used.
Solutions of the problems (tr) and (mul) are obtained numerically from the system (36) with the boundary conditions

σ(±h/2) = 0, σ33(−h/2) = 0, σ33(h/2) = p. (54)

In this problem the solution of system (35) is equal to zero. For the problem (tr) we take the equivalent module (53), and
for the problem (mul) the elastic module are the piecewise constant ones according to (52).

For numerical example we take

E1/E2 = 100, h1 = h2, ν1 = 0.3, ν2 = 0.45. (55)

The results of calculations are contained in Table 2. We are interesting only with the relations between results obtained by
various theories. In the columns 2 and 3 the valuesuK

3 /u30 and uT
3 /u30 are presented whereuK

3 anduT
3 are calculated

by relations (45) andu30 is the deflection which is found numerically for the equivalent transversal isotropic homogeneous
plate. In the last four columns the valuesumul

3 /u30 for four various numbers of layers are given. Here again the values
umul

3 are found numerically for the multi-layered plate. Nine various valuesh/L = 2πµ are examined (see column 1),
whereL is the length of wave.

For this plate the valueG13/E0 = 0.012 is small enough. That is why the valueuT
3 /u30 is close to 1 in the wide limits

for h/L. The coincidence between the transversal isotropic plate and the multi-layered plate becomes better if the number
N of layers is larger. The full coincidence is impossible because the difference between the numbers of hard layers and of
soft layer is equal to unit.
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6 The extremely small transversal shear modulus

If the transversal shear modulus is very small then some peculiarities in the stress state appear. In the section 2 the edge
effect degeneration is marked. Here we discuss one of the shell buckling problems.

We study the buckling under axial compression of the circular cylindrical shell of the radiusR made of the transversal
isotropic material. By using the TR theory the problem is reduced to system (20) in which

qn = T0
∂2w

∂s2
, (56)

whereT0 < 0 is the initial stress-resultant. We seek the solution of this system in the form

w(s, ϕ) = w0 sin(rs) sin(mϕ). (57)

After the substitution of the expression (57) and of the similar expressions forΦ andΨ in system (20) we get

−T0 =
D(r2 + m2)4 + (Eh/R2)r4(1 + (D/Γh)(r2 + m2))

r2(r2 + m2)2(1 + (D/Γh)(r2 + m2))
. (58)

The critical valueT0 is equal to the minimum of the right side in (58) with respect to the wave numbersr andm. At first
we establish that ifΓ < ∞ then the minimum is obtained atm = 0 therefore the buckling mode is axisymmetrical. We
mark that the KL theory leads to the various buckling modes as axisymmetrical so non-symmetrical with the same critical
valueT0 [21]. After minimizing (58) with respect tor we get

−T0 =
Eh2

R
√

12(1− ν2)
f(λ), f(λ) =

{
2− λ, λ ≤ 1,
1/λ, λ ≥ 1,

λ =
Eh

ΓR
√

12(1− ν2)
. (59)

The functionf(λ) describes the effect of the critical load decrease due to the shear. Atλ = 0 we getf(0) = 2. In this
case relation (59) coincides with the classical Lorentz–Timoshenko formula [22], [23].

At λ > 0 the functionf(λ) is described by two various analytical expressions. Ifλ < 1 thenf(λ) = 2 − λ and the
critical value is not more than twice smaller than the classical one. In this case the minimum is reached at some finite wave
numberr. If λ > 1 the relation (59) accepts the form

−T0 = Γh (60)

and the critical load depends only on the shear. The value (60) is obtained from (58) as a limit atr →∞. But we remember
that the 2D shell theories are acceptable ifh/L = 2πrh << 1. Therefore the result (60) is doubtful. To partly explane
relation (60) we mark that the initially compressed material is unstable if the compression is large enough. In partial the
transversal isotropic material becomes instable if

−σ0 ≥ G13, (61)

whereσ0 is the initial stress in the planex1, x2, andG13 is the tranversal shear elastic modulus. If we mark that in the
shell problem

σ0 =
T0

h
= −5

6
G13 (62)

then it will be clear that in the caseλ ≥ 1 (or may beλ ≥ 5/6) we have not the shell buckling but the loss stability of
material.

These examples show that for the extremely small shear module the special investigations are necessary.

Table 2 Comparison of the deflections obtained by various theories.

h/L uK
3 /u30 uT

3 /u30 N = 11 N = 21 N = 51 N = 101
0.5 0.015 1.178 0.614 0.856 0.964 0.986
0.2 0.078 1.077 0.886 0.947 0.978 0.989
0.1 0.244 1.028 0.905 0.943 0.974 0.986
0.05 0.558 1.007 0.862 0.917 0.962 0.980
0.02 0.887 1.001 0.809 0.888 0.950 0.974
0.01 0.969 1.000 0.796 0.880 0.947 0.972
0.005 0.992 1.000 0.792 0.878 0.946 0.972
0.002 0.999 1.000 0.791 0.878 0.946 0.972
0.001 1.000 1.000 0.791 0.878 0.946 0.972
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